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Abstract

This paper explores the aggregate implications of countercyclical heteroscedasticity of

TFP shocks. First, by drawing on data of publicly traded U.S. firms, I find that both

the investment rate and the probability of investment spikes decrease as macroeconomic

volatility rises, with this effect weakening as firms age. Second, to rationalize empirical

patterns, I build an uncertainty regime-switching general equilibrium model of invest-

ment with capital adjustment costs and firms’ entry and exit. In the model, the option

value of waiting for younger businesses is larger than for mature firms, since the former

are further away from their target size than the latter. As a result, young businesses

respond stronger to heightened uncertainty as compared to older ones. Finally, in con-

trast to existing literature, I show that the entry/ exit margin can be quantitatively

important, especially during high-uncertainty episodes such as the Great Recession.
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1 Introduction

The main contribution of this paper is to show that time-varying heteroscedasticity of aggre-
gate TFP shocks (which throughout the paper will be measured as realized macro volatility)
is a quantitatively important determinant of the investment decisions of firms — more so
of young firms — and, through this channel, of the short- and medium-run behavior of the
economy. I base my argument on a quantitative general equilibrium model in which firms
face non-convex capital adjustment costs. The irreversibility of investment implies that firms
have an inaction region where they prefer not to adjust their capital stock as the option value
of waiting for them is large (Abel, Dixit, Eberly and Pindyck, 1996). When macro volatility
rises, the inaction region expands and aggregate investment falls.

Figure 1: Mean and Standard Deviation of Real GDP Growth Rate in the
U.S. Since 1947

Notes: Figure 1 plots the evolution of the mean and standard deviation of real GDP growth rate in the U.S.
since 1947. The mean and the standard deviation are computed over the 5-quarter rolling windows as in
Equation (2). The data at quarterly frequency comes from the FRED website. Grey bars indicate NBER
recessions dates.

Figure 1 shows that macro volatility rises during almost all NBER recessions in the
postwar period, and, if anything, appears to be countercyclical. The recession of 2007-2009
received a lot of attention in the literature, and several studies document spikes in uncertainty
during that episode.1 Quantifying the effect of volatility shocks on macro aggregates is

1Bloom (2009) uses the implied stock market volatility as measured by VXO index and shows that
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important in order to understand the recovery in the aftermath of economic contractions.
The focus of this paper is to quantify impact of the heteroscedasticity of TFP shocks on

the behaviour of firms through the investment channel. Figure 2 plots the mean investment
rate of Compustat firms against the measure of macroeconomic volatility over the last 4
decades. The red solid line represents the mean investment rate for young firms (5 years or
younger), and the blue dashed line corresponds to older enterprises. Visually, investment de-
cisions of older firms are more stable throughout the period than those of younger businesses;
we also can see that at times of heightened measured volatility, young firms on average cut
their investments stronger.

Figure 2: Mean Investment Rate by Age Group, Compustat
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Notes: Figure 2 plots the average investment rate for young and old firms over the period 1982-2018. The
data comes from the Compustat Quarterly. Young firms are those which are aged 5 or below. Old firms are
the remaining businesses. Investment rate is computed as discussed in Subsection 3.2.

The paper consists of three parts. On the empirical side, it first shows that, in the sample
of listed U.S. firms, macroeconomic heteroscedasticity is a statistically and economically sig-
nificant determinant of firm-level investments. I consider 2 different measurable dimensions
of firm investment decisions: investment rates and investment spikes.2 Quantitatively, an

it displayed a large burst of uncertainty. Bloom (2009) find a significant increase in establishment-level
dispersion of TFP shocks during the Great Recession in the U.S. manufacturing sector. Jurado, Ludvigson
and Ng (2015) measure uncertainty as a conditional volatility of purely unforecastable component of future
series, and reveal the 2007-2009 recession as an episode of heightened uncertainty.

2A case when the investment rate exceeds 20% in absolute value is called an investment spike.
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increase in macro volatility of 1 standard deviation reduces the firm’s investment rate by 0.2
pp. This is a non-negligible number given that the mean quarterly investment rate in the
sample is 2%. However, the drop is less pronounced for older firms, losing 0.01pp with every
additional quarter of firm’s tenure. Similarly, the probability of an investment spike goes
down by 0.4% (with a sample mean of 3%), and the size of the drop decreases by 0.01% for
each quarter of age. This relation is robust to the inclusion of various controls, such as real
GDP growth rate, size and leverage of firms.

I then introduce time varying macroeconomic uncertainty along with firm entry and exit
in a general equilibrium model of investment, and show that a calibrated version of the model
can account for the patterns observed in the data. In particular, the model can reproduce
the age profile of a cohort’s aggregate employment: in the first couple of years, the amount
of labor hired by the cohort shrinks reaching the trough at the age of 3. After that, the
cohort employment grows. For that to happen, the model must correctly balance out 2
forces: the intensity of firm exit and growth of surviving businesses. I also show that the
model generates a realistic distribution of investment rates.

In the model validation exercise, I simulate the model and extract a panel of firms of age
10 and above: this way, I mirror the selection of firms into the Compustat dataset. I then
estimate the same regression models on the simulated data, and find that the estimates are
close to the ones obtained with Compustat data.

Finally, I use the calibrated model to study the behavior of the economy during a re-
cession. I model a recession as either an unanticipated decrease in aggregate TFP, or as a
decrease in TFP accompanied by a switch to a high-uncertainty regime. Under a one-shock
recession (only negative TFP shock), the response of the two models is virtually the same,
which confirms the findings of macro literature than entry/exit margin contributes little to
aggregate fluctuations. However, under a two-shock recession, I show that in the model
with firm entry aggregate output contracts 25% stronger, and the recovery is delayed. The
intuition is as follows: young firms are on average less productive than incumbents, and their
productivity grows over time (conditional on their survival). It is, therefore, crucial for them
to know what their productivity will be tomorrow, since they have not have enough time to
accumulate a capital stock which complies with their long-run productivity. Hence, those
firms are more likely to freeze their investments in a high-uncertainty regime. Conversely,
mature firms are likely to operate at the efficient scale dictated by their long-run productiv-
ity, and they would not have invested much even if uncertainty had remained low. Hence,
this mechanism generates excess sensitivity of young firms.
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A stronger response to a volatility shock in the economy with entry and exit can, how-
ever, be generated by a smaller number of entrants in high-uncertainty times, reducing the
quantitative importance of the key mechanism of this paper. To check whether it is the
case, I simulate a version of the model where potential entrants can observe a common TFP
component, but do not see a switch in uncertainty regime. I find that in case of high volatil-
ity and low TFP, the number of entering firms is higher than in case of low TFP and low
uncertainty (which I argue is due to a mean-reverting nature of the productivity process),
and that the change in the extensive margin is quantitatively not important.

The rest of the paper is organized as follows. In Section 2, I provide a literature review.
Section 3 quantifies the effect of macro uncertainty on investment decisions of firms by
drawing on Compustat data. In Section 4, I build a general equilibrium model of investment.
Sections 5 and 6 define the recursive competitive equilibrium and discuss the calibration
strategy. I validate the model in Section 7 and inspect the mechanism in Section 8. Then, I
proceed with the quantitative exploration of the model in Section 9. Section 10 concludes.

2 Literature Review

This paper is related to two broad strands of the literature, and serves as a link between them.
First, this paper focuses on the aggregate implications of uncertainty shocks, which recently
has been a very active area of research. In his seminal paper, Bloom (2009) argues that
second-moment shocks are able to generate a sizable drop in aggregate output by propagating
through the investment channel.3 Bloom et al. (2018) extend the analysis to the general
equilibrium and show that the model calibrated to U.S. data generates a 2.5% drop in
aggregate output in response to uncertainty shock. However, Bachmann and Bayer (2013)
do not find a large role for uncertainty shocks in a model calibrated to German data. Mongey
and Williams (2016) estimate a model featuring a set of standard aggregate macro shocks
along with a second-moment shock. Their variance decomposition analysis reveals that the
uncertainty shock explains a substantial portion of the cross-sectional dispersion of sales,
but does not contribute much to the variation in the aggregates. Conversely, standard
macroeconomic shocks explain almost all variation in aggregates, but do not appear to be
important determinants of the cross-sectional dispersion. Schaal (2017) introduces time-
varying volatility into a search model of the labor market. In his model, uncertainty has
an ambiguous effect on employment decisions of the firm: on one hand, hiring is paused at

3There is work exploring the opposite direction of causality, that is, how uncertainty endogenously evolves
over the business cycle. Bachmann and Moscarini (2013) is an example of such studies.
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times of heightened uncertainty as a relatively high productivity today may quickly revert
tomorrow. On the other hand, separation is paused as well, since it will be costly to search
for new workers in case of a rise in future productivity. Calibrated to U.S. data, his model
implies that uncertainty is important for several business cycle moments, but overall plays
a minor role in accounting for the magnitude and persistence of unemployment during the
period 2007-2009.

Papers mentioned above have a real-option value of waiting (so-called “wait-and-see” ef-
fect) at the heart of their propagation mechanisms: when uncertainty rises and it is costly
to revert previous decisions, economic agents rationally decide to wait and this translates
into lower aggregate output. Nevertheless, the “wait-and-see” effect is not the only propa-
gation mechanism recent research has looked into. For example, Arellano, Bai and Kehoe
(2019) argue that at times of higher uncertainty the risk premium increases and the cost of
external financing rises. As a consequence, firms have a limited potential to expand. Zeke
(2016) studies an environment where employment decisions of firms are subject to operating
leverage: he shows that volatility shocks have a large impact on the magnitude of labor
losses.

Fernández-Villaverde et al. (2015) consider an environment with risk-averse agents where
spikes in uncertainty discourage investors from undertaking risky but high-return invest-
ments due to a precautionary motive. This again has an adverse effect on output, slows
down growth and protracts the recovery. Gopinath et al. (2017) find that the dispersion of
productivity shocks in Spain was declining during 1999-2007, which through the alleviation
of precautionary motive led to a lower dispersion of marginal revenue product of capital
(MRPK) and higher TFP.

This paper incorporates entry and exit of firms, and is therefore related to the literature
on firm dynamics. Even though young establishments are small relative to incumbent estab-
lishments, the former contribute disproportionately to the net job creation.4 Decker et al.
(2014) find that startups and fast-growing businesses in the U.S. (most of them are young)
contribute 70% to the gross job creation. Young establishments have a high exit rate, losing
50% of original employment to exit in the first 5 years. However, there is a small share of
young establishments that grow very fast, and nearly compensate the drop in employment
due to exit within their cohort. Decker et al. (2014) conclude that those startups have a
long-lasting effect on the net job creation process in the U.S.

Hopenhayn (1992) has become a workhorse model of firm dynamics. It, however, lacks
4Startups create 3mln jobs per annum, with 1.5mln net job creation in total in the U.S. private sector.
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aggregate shocks, which would be at the heart of my quantitative exercise. Clementi and
Palazzo (2016) build on Hopenhayn (1992) and incorporate an aggregate TFP shock into the
model. They find that the entry/exit margin is quantitatively important for the propagation
of the aggregate shock: it protracts the transition of the economy following the aggregate
shock due to the missing generation effect. In particular, when a positive TFP shock hits the
economy, the number of exiting firms is lower than the number of entrants. Since entering
firms are on average less productive than incumbent firms, and because the productivity
process is mean-reverting, some young firms (conditional on survival) start growing fast,
protracting the effect of a TFP shock. The missing generation effect takes place after a
negative productivity shock, when the number of entering firms fails to replenish the pool
of exiting firms. In this case, the economy lacks those fast-growing startups, and this delays
the recovery.

Clementi, Khan, Palazzo and Thomas (2015) extend Clementi and Palazzo (2016) frame-
work to the general equilibrium setup. They find that the general equilibrium feedback miti-
gates the effect of the entry-exit margin: the response of the economy with endogenous entry
and exit and the one without it exhibit similar dynamics following an aggregate productivity
shock. The intuition here is that when the economy is hit by a first-moment (TFP) shock,
it effectively “scales” the productivities of all the firms in the economy. Since incumbent
firms are larger, the marginal effect of young firms (which are small) is negligible. However,
Clementi et al. (2015) show that when a shock affects young firms disproportionately, the
role of young firms in the business cycle dynamics might increase. Specifically, they show
that an increase in the operating costs, which is more likely to affect the young firms, ex-
acerbates the missing generation effects and raises the importance of the entry/exit margin.
This paper argues that uncertainty shocks have a stronger impact on less productive firms
with low stocks of capital — the characteristics pertaining to startups — and, therefore,
increase the quantitative role of entry and exit in aggregate dynamics.

3 Suggestive Evidence

In this section, I provide suggestive evidence for the main mechanism I focus on in this
paper. In particular, I draw on a rich firm-level panel data (Compustat) on a subset of U.S.
businesses — the publicly traded firms — and explore the quantitative impact of aggregate
volatility on investment decisions of firms. In Subsection 3.1, I argue why the dataset is
suitable for the purposes of this paper. Subsection 3.3 provides the evidence supporting the
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view that younger firms exhibit excess sensitivity of investment to aggregate volatility.

3.1 Data

In order to shed light on how firms of different age respond to aggregate volatility, the
dataset has to satisfy certain criteria. First, to quantify the propagation of uncertainty
shocks through the investment channel, the data on capital has to be available at business
cycle frequencies (quarterly). Second, the researcher has to observe the age of the firm.
Third, the firms need to be observed for sufficiently long time periods, so that the firm-level
fixed effects are estimated precisely. And, finally, the dataset needs to be long enough to
cover periods of economic expansions and contractions.

I draw on a panel of publicly traded firms from the (quarterly) Compustat dataset. The
focus of my analysis is an (unbalanced) panel of firms spanning the period 1970-2018 at a
quarterly frequency. I apply cleaning criteria which are standard in the literature (Clementi
and Palazzo (2019), Ottonello and Winberry (2018)), and exclude the regulatory (SIC codes
in range 4900-4999) and financial (SIC codes between 6000-6999) firms to reduce the impact
of finance-related factors on the estimates. Appendix A.1 discusses the process of data
preparation in more detail.

The Compustat dataset is subject to certain limitations. First, it covers only listed firms,
which, of course, do not represent the universe of U.S. businesses. Second, Compustat does
not provide a direct measure of firm’s age. Given these two drawbacks, the main objective of
this section is to provide suggestive evidence of the main mechanism I explore in this paper,
as well as to help validate the model I lay out in Section 4. Following Salgado, Guvenen
and Bloom (2016) and Ottonello and Winberry (2018), I will proxy the firm’s age as the
number of periods since IPO. My strategy is as follows: First, I will calibrate the model
to hit the moments of the U.S. business dynamics reported elsewhere (see Section 6 for a
detailed discussion). Subsequently, in order to validate the quantitative predictions of the
model, I will re-estimate the empirical models from Subsection 3.3 on the model-generated
data. To mirror the selection of firms into the Compustat sample, I will focus on the subset
of firms aged 10 and above. This exercise will allow me to overcome the shortcomings of the
Compustat, and instead will enable me to exploit its useful features: long time dimension,
detailed capital/investment information at the firm level, and quarterly frequency.
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3.2 Construction of Variables and Summary Statistics

The key variables are capital, investment, and aggregate volatility. I measure the investment
rate as:

i.rateit =
Kjt+1 −Kjt

1
2
(Kjt+1 +Kjt)

, (1)

where Kjt is the amount of capital of firm i in the end of period t. I also consider investment
spikes: I call an observation a “spike” if the investment rate exceeds 20% in absolute value.
The detailed discussion of variables based on Compustat is relegated to Appendix A.2.

Table 1: Firm-Level Variables: Summary Statistics

Statistic log(K) i.rate= Kjt+1−Kjt
1
2

(Kjt+1+Kjt)
111{i.rate>0.2}

Quarterly
Mean 4.00 0.02 0.03
Std 2.56 0.09 0.18
Median 3.85 0.00 0.00
Top 5% 8.37 0.15 0.00
Bottom 5% 0.03 -0.07 0.00

Annual
Mean 4.05 0.07 0.18
Std 2.54 0.24 0.38
Median 3.93 0.03 0.00
Top 5% 8.38 0.50 1.00
Bottom 5% 0.11 -0.25 0.00

Notes: Table 1 reports the summary statistics of the firm-level data from Compustat. The top part of the
table corresponds to quarterly data, while the bottom part — to the data aggregated to annual frequency.
The data has been processed as discussed in Appendix A.1. The panel covers years 1970-2018.

Table 1 provides summary statistics for the data at both quarterly and annual frequen-
cies. It is worth noting that even though the data covers the subset of very large firms in
the U.S., the investment-related moments align well with the numbers reported in Cooper
and Haltiwanger (2006) who worked with establishment-level data. For example, the mean
annual investment rate in Compustat is 0.07, and it is 0.11 when estimated for the manufac-
turing establishments. Furthermore, the mean annual frequency of investment spikes almost
coincides in two datasets (0.18 and 0.19).

In this paper, I follow Fogli and Perri (2015) and measure aggregate uncertainty as a
standard deviation of real GDP growth rate over a 5-quarter long window around a quarter
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of interest. In particular, the volatility in year t is given by:

σt =

√√√√1

5

+2∑
j=−2

g2
t+j −

(
1

5

+2∑
j=−2

gt+j

)2

, (2)

where gt is a growth rate of real GDP from quarter t− 1 to t. In Subsection 3.3, I quantify
how aggregate volatility affects the investment decisions of firms at quarterly frequency. In
Appendix A.4, I aggregate the firm-level data to a yearly frequency, and study the impact
of uncertainty on annual firm investment profiles.

3.3 Heterogeneous Response by Age

I consider two separate measures of investment: the investment rate and the investment
spikes. It makes sense to consider these 2 measures, given that in the data investment
behavior of firms is lumpy (see, for example, Cooper and Haltiwanger (2006)).

3.3.1 Investment Spikes

I ask: are young firms less likely to make large (in absolute value) investments as macroeco-
nomic uncertainty rises?

The baseline specification takes the following form:

111{i.rateit>0.2} = β1Volatilityt + β2Volatilityt × Ageit + ΓΓΓ′Zit + uit. (3)

The dependent variable is binary, taking a value of 1 if the investment rate exceeds 20% in
absolute value, and 0 otherwise. The vector of controls, Zit, includes mean GDP growth rate
(computed over the same window as volatility), mean GDP growth rates interacted with
firm’s age, firm’s size (measured by total assets), firm’s leverage (ratio of total debt and
total assets) and firm-level fixed effects. I control for leverage to make sure the estimates
are not affected by the financial conditions of the firm; this is important, given that the
model I develop in Section 4 does not speak to financial decisions of enterprises. The mean
GDP growth rate controls for the business cycle, leaving the volatility variable the role of
capturing the “wait-an-see” effect: the first and second moments move in opposite directions
(as can be seen in Figure 1), and without controlling for the first moment, the estimates will
merely reflect the fact that investment is declining during economics downturns.

I make an extra transformation of the data to make the economic interpretation of coef-
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ficients transparent: I standardize the mean and standard deviation of GDP growth rates,
so that the units of these two variables are the number of standard deviations from the
sample mean. The coefficients of interest are β1 and β2, which under standard exogeneity
assumptions capture (i) how the aggregate volatility affects the probability of investment
spikes, and (ii) how the effect changes as the firm ages.

Table 2: Aggregate Uncertainty and Probability of Investment Spikes

Variable (1) (2) (3) (4) (5)

Volatility -0.006*** -0.003*** -0.003*** -0.004*** -0.004***
(0.0005) (0.0006) (0.0006) (0.0006) (0.0006)

Volatility×Age 0.0001*** 0.0001*** 0.0001*** 0.0001*** 0.0001***
(0.00007) (0.00001) (0.00001) (0.00001) (0.00001)

Mean Growth 0.006*** 0.006*** 0.006*** 0.006***
(0.0003) (0.0005) (0.0005) (0.0005)

Mean Growth×Age -0.0000 0.000*** 0.000***
(0.0000) (0.0000) (0.0000)

Size -0.004*** -0.004***
(0.0002) (0.0002)

Leverage -0.010***
(0.002)

FE X X X X X
N 627,960 627,960 627,960 627,960 627,960
R2 0.02 0.02 0.01 0.01 0.01

Notes: Table 2 reports the estimation results of the Equation (3). The firm-level data comes from Compustat;
see Appendix A for details. Volatility and Mean GDP growth rate variables have been standardized, and
their units reflect the number of standard deviations from the sample mean. Age is proxied by the number
of quarters since IPO, size is measured by the logarithm of total assets, and leverage is a share of total
debt in total assets. *** denotes 1%, ** denotes 5%, and * denotes 10% significance, respectively.

Economic Interpretation Table 2 reports the estimation results of Equation (3). Since
the dependent variable is a dummy variable, the estimated equation is a linear probability
model. I run 5 different specifications of Equation (3), including the regressors one by one,
and show that the coefficient estimates (β̂1 and β̂2) do not change much across them. Overall,
the results indicate that the probability of investment spikes across age 0 firms goes down by
0.5 p.p. when the aggregate volatility increases by 1 s.d. Besides, with every extra quarter
of tenure, the probability of an investment spike increases by 0.01 p.p.. These numbers
are economically significant given that the average probability of investment spikes is 3% in
the sample. The estimates also suggest that 12-year old (and above) firms barely react to
volatility shocks.
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The results of Table 2 support the view that younger firms exhibit excess sensitivity to
macro volatility as compared to older businesses. The effect is both statistically (at 1%
level) and economically significant. I have also shown that the result is not driven by the
aggregate business cycle, and that it is unlikely to be driven by firms’ size and/or their
financial conditions.

In Appendix A.4, I show that the impact of volatility on annualized probability of in-
vestment spikes is qualitatively consistent with quarterly results, but quantitatively larger.
A 1 st.d. increase in macro volatility decreases the probability of an investment spike by 5
p.p., with that effect disappearing at the rate of 0.5 p.p. per extra year of firm’s tenure.

3.3.2 Investment Rates

In the previous subsection, I explored to which extent aggregate volatility affects the decisions
of young firms to make a large investment. However, investment spikes occur only in 3% of
cases, and the mean investment rate is 2% (see Table 1). This suggests that in a majority
of cases firms adjust their capital stocks marginally. Therefore, in this section I explore to
which extent the intensive margin of firms’ investment responds to aggregate uncertainty,
and how this effect varies by age.

The baseline specification takes the following form:

in.rateit = β1Volatilityt + β2Volatilityt × Ageit + ΓΓΓ′Zit + uit. (4)

The discussion of this formulation is identical to the one provided in Subsection 3.3.1.
The only difference is that here the left-hand side variable is the investment rate of firm i at
date t, defined as in Equation (1).
Economic Interpretation Results of Table 3 indicate that a 1 standard deviation increase
in aggregate volatility reduces the investment rate of age 0 firms by 0.004. Every extra
quarter of tenure reduces the investment rate response to aggregate uncertainty by 0.0001.
This effect is statistically significant at 1% level across all specifications which I ran. Again,
firm’s size and financial conditions do not appear to affect the estimates both quantitatively
and qualitatively. The estimated effects are economically significant, given that the sample
mean of investment rate is 0.02. To put these estimates into context, note that a 40-quarter
old firm (10 years old) will barely change its investment decision following an increase in
aggregate volatility. Therefore, this gives extra support towards the view that young firms’
investments respond stronger to increased aggregate volatility, and that the effect weakens
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with age.

Table 3: Aggregate Uncertainty and Firms’ Investment Rates

Variable (1) (2) (3) (4) (5)

Volatility -0.004*** -0.004*** -0.001** -0.002*** -0.002***
(0.0003) (0.0003) (0.0003) (0.0003) (0.0003)

Volatility×Age 0.0001*** 0.0001*** 0.0001*** 0.0001*** 0.0001***
(0.00004) (0.00003) (0.00003) (0.00001) (0.00004)

Mean Growth 0.006*** 0.005*** 0.005*** 0.005***
(0.0003) (0.0002) (0.0005) (0.0005)

Mean Growth×Age -0.0000 0.000*** 0.000***
(0.0000) (0.0000) (0.0000)

Size 0.003*** 0.003***
(0.0002) (0.0002)

Leverage -0.033***
(0.001)

FE X X X X X
N 627,960 627,960 627,960 627,960 627,960
R2 0.01 0.02 0.01 0.01 0.01

Notes: Table 3 reports the estimation results of the Equation (4). The firm-level data comes from Compustat;
see Appendix A for details. Volatility and Mean GDP growth rate variables have been standardized, and
their units reflect the number of standard deviations from the sample mean. Age is proxied by the number
of quarters since IPO, size is measured by the logarithm of total assets, and leverage is a share of total
debt in total assets. *** denotes 1%, ** denotes 5%, and * denotes 10% significance, respectively.

In Appendix A.4, I repeat the exercise for annual investment rates, and find that 1 st.d.
increase in volatility decreases the investment rate by 0.03 on average, and that the effect
decays at the rate of 0.002 per year of tenure.

In this section, I shed light on the excess sensitivity of young firms to macro-volatility
by exploiting the Compustat firm-level data. I presented the empirical support towards
the main mechanism I explore in this paper along two margins of investment choice: both
the probability of investment spikes and the investment rate decline stronger among the
younger businesses as compared to mature firms. In the next section, I develop a general
equilibrium model of firm dynamics where these patterns arise naturally. In particular,
my model has three key ingredients. First, firms will be heterogeneous with respect to
idiosyncratic productivity and capital, which will allow me to capture the salient patterns
of the U.S. firm dynamics. Second, firms’ investment will be costly: in order to increase or
reduce its capital stock, the firm will have to pay an adjustment cost; this is paramount for
the “real option of waiting” effect I focus on in this paper. Finally, my model features entry
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and exit of firms. This extends the model along the firm age dimension, and enables me to
study the evolution of industry composition over time.

4 Model

I build a model of firm dynamics in the spirit of Clementi et al. (2015). Time in the model is
discrete and runs forever. Three different types of agents populate the economy: households,
active firms, and potential entrants. There is a single final good produced by firms, which
can be either consumed or invested. Households own shares in firms, supply labor, and
consume the final good. First, I describe the physical environment, and then proceed with
the recursive formulation of the agents’ problems.

4.1 Preferences and Technology

Every active firm i has access to a Cobb-Douglas production technology with decreasing
returns to scale (DRS):

yit = ztsitF (kit, lit) = ztsitk
α
itl
ν
it

with α, ν > 0 and α + ν < 1. I impose the DRS property to pin down the size of the
firm.5 Every firm produces a homogeneous output yit by combining capital, kit, and labor,
lit, with weights α and ν, respectively. The production function is scaled by two productivity
components: a common component, zt, and an idiosyncratic component, sit. Common and
idiosyncratic productivities evolve according to the following AR(1) processes in logs:

log(zt+1) = ρz log(zt) + σz,t︸︷︷︸
time-varying risk

εt+1 (5)

log(sit+1) = ρs log(sit) + σsκit+1, (6)

where εt, κt
i.i.d.∼ N (0, 1). The persistence parameters satisfy ρs, ρz ∈ (0, 1). Note that σz,t has

a time subscript, which captures the notion of risk in my model. When σz,t is high, the current
compound productivity of the firm (that is, the product of idiosyncratic and aggregate
components) becomes less informative about its future productivity, and, therefore, it is less
likely to make an investment choice which will align with the realized future productivity. I
allow for 2 different values of σz, so that the model transitions between them in a Markovian

5The alternative to assuming the DRS property of the production function is to make the firms monop-
olistic competitors. This, however, makes the model computationally more intensive without extra insight.
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fashion. Let θi with i ∈ {L,H} denote the probability that the uncertainty regime remains
the same in the next period.

Over time, firms go through different histories of idiosyncratic shock realizations, thus
they end up holding different amounts of capital. The distribution of firms across capital
holdings and idiosyncratic productivities is an important object, since it determines the total
amount of labor demanded and, thus, the equilibrium wages. Let the aggregate state vector
of the economy at time t be SSSt, such that:

SSSt = (zt, µt),

where zt is the value of the common productivity component, and µt is the distribution of
active firms across k and s. Anticipating a recursive formulation ahead, in what follows I
drop the time subscript and use primes to denote values of variables in the next period.
This model is a regime switching model, where the economy fluctuates between high and
low uncertainty states. I do not include the current regime in the state vector SSS; rather, I
solve for two sets of value functions (described below), with superscript i ∈ {L,H} standing
for the uncertainty regime.

An important ingredient in my model is non-convex capital adjustment costs. This fea-
ture of the model makes the firm’s investment a risky endeavor: the firm has to pay an extra
cost in case of over- or under-accumulation of its capital stock. The adjustment cost function
has two components. The first one is a fixed cost of investment, which is intended to cap-
ture the frequency of non-zero investments. The second component is a standard quadratic
cost function which intuitively controls how large firms’ investment choices are. Cooper and
Haltiwanger (2006) argued that a mix of convex and non-convex capital adjustment costs
functions provides the best fit for the observed distribution of investment rates. Formally, I
assume the following functional form:

AC(k, s) = Ck111I 6=0 +
γ

2

(
I(k, s)

k

)2

k. (7)

The first component in Equation (7) is made proportional to the stock of capital in the
firm, in order to avoid any size effects. As is well known, the “kinked” adjustment cost
function generates an inaction region6 in the investment choice of the firm, which will be the
driving force for the wait-and-see effect I explore in this paper.7

6The firm adjusts its capital only if its current stock is sufficiently far away from the target level of capital
which the firm’s productivity implies.

7The irreversibility of investment is an empirically relevant model’s feature which generates a negative
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On the households’ side, I assume that the instantaneous utility function has the following
form:

U(C,N) =
C1−η

1− η − θ
Nχ

χ
. (8)

Households value consumption, C, and get disutility from labor, N . Households can smooth
their consumption over time by investing in firms’ shares.

Every period there is a constant mass of potential entrants, M > 0. In my model, M
is independent from the aggregate state of the economy, which is different from Clementi et
al. (2015) who assume a fixed mass of production locations in the economy. Every potential
entrant receives a signal q ∼ Q(q) about her idiosyncratic productivity in the first period
of activity if she decides to enter. The signal is imperfectly informative: the probability
of getting a better draw of productivity in case of entry increases in the level of a signal.
Entering the industry bears a cost ce, which is denominated in terms of the final good. For
technical reasons (to avoid jumps in entry over the cycle), I assume that ce is independently,
identically distributed across time and space, and is drawn from the uniform distribution
ce ∼ U [0, c̄e].

Now that the environment is described, I proceed with a detailed description of the
individual optimization problems.

4.2 Incumbent Firm

The incumbent firm enters the period and observes the aggregate state SSS = (z, µ) along
with the realization of idiosyncratic productivity, sit. Individual firms perceive the law of
motion for the aggregate state of the form SSS ′ = Γ(SSS). I assume a completely frictionless
labor market, where firms demand labor and the representative household supplies it. The
firm makes its labor choice in the beginning of the period by solving the following static
profit maximization problem:

π(k, s;SSS) = max
l

[zskαlν − w(SSS)l] .

I opt to make the firm’s exit exogenous: each period, every business is subject to a death

relationship between investment and volatility Leahy and Whited (1996).
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shock.8 The probability of survival is a function of the firm’s size:

P(continue|k) := c(k) = 1− κe−ιk, (9)

where k is the amount of idiosyncratic capital, and (κ, ι) ∈ R2
+. A parsimonious formulation

(9) along with parameters κ and ι allows to capture the empirical regularity that smaller firms
are more likely to exit as compared to large ones. While ι governs the relative probability
of exit with respect to the firm’s size, κ shifts the probability schedule uniformly for all
businesses.

Next, I describe the firm’s investment decision. Let superscript i denote the current
uncertainty regime. Given that investment is subject to adjustment costs (7), it is convenient
to write the firm’s value prior to the investment decision but after the production has taken
place in the following form:

ṽi(k, s;SSS) = max{via(k, s;SSS), vin(k, s;SSS)}. (10)

According to (10), the value of staying in business, ṽ, is the maximum between 2 options:
the firm can either adjust its capital stock and get value va, or it can avoid paying adjustment
costs by allowing its capital stock to passively depreciate till the next period, and get value
vn.

Let d(SSS ′|SSS) denote the stochastic discount factor. In what follows, it will be convenient
to introduce an additional piece of notation, and denote the expected (with respect to the
future regime) continuation value as v̄ := θiv

i + (1 − θi)v−i, where θi is a probability that
the regime will not change the next period. Then the value of adjusting the capital stock is:

via(k, s;SSS) = max
k′∈R+

{−(k′ − (1− δ)k)− AC(k, s;SSS) + c(k)E [d(SSS ′|SSS)v̄(k′, s′;SSS ′)|s, k;SSS]} .
(11)

Here v(·) corresponds to the value of the firm as of the beginning of the period (to be defined
below), and c(k) is an exogenous probability of survival. The value of a non-adjusting firm
is:

vin(k, s;SSS) = c(k)E [d(SSS ′|SSS)v̄(k(1− δ), s′;SSS ′)|s, k;SSS] . (12)
8There are several ways in the literature of making firms exit the economy. For example, one can assume

that firms are subject to some operation cost shock as in Hopenhayn (1992). Alternatively, the firm exits if
the value of some outside option exceeds the continuation value of staying, as in Jovanovich (1982).
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The firm’s value at the beginning of the period can therefore be written as follows:

vi(k, s;SSS) = π(k, s;SSS) + ṽi(k, s;SSS). (13)

The beginning of the period value v(·) is the sum of the firm’s profit (note that all active
firms produce and receive profits, the exit shock hits later) and the continuation value. The
continuation value is the maximum between 2 options: the firm might either pay the cost
and update its capital stock, or it can simply let its stock depreciate.

Figure 3: Incumbent in Period t
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Let l(k, s;SSS) and k′(k, s;SSS) denote the labor and capital policy functions, respectively.
The verbal description of a timeline for an incumbent firm in period t is summarized in
Figure 3.

4.3 Potential Entrant

Every period the model economy confronts a constant mass of potential entrants, M > 0.
First, every potential entrant observes the current aggregate state, SSS, and receives a signal
about its idiosyncratic productivity, q ∼ Q(q). The signal is drawn from a distribution with
support identical to the one for idiosyncratic productivities: {q1, . . . , qNq} = {s1, . . . , sNs}.
Let the probability of drawing a signal qb be πeb . If a potential entrant decides to enter,
his idiosyncratic productivity in the first period of operation will be drawn according to the
same conditional distribution as for incumbents: P(s = si|q = qb) = P(s = si|s = sb) ∀(i, b).

The entrant’s problem (conditional on receiving a signal q) is:

vie(q;SSS) = max
k′∈R+

{−k′ + E [d(SSS ′|SSS)v̄(k′, s′;SSS ′)|q;SSS]} . (14)

Note how in (14) the continuation value is not scaled by the survival probability; it is assumed
that if in period t the entrant decides to produce, she makes it to the production stage in
period t+ 1 with probability 1.
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Let k′e(q;SSS) denote the optimal choice of capital upon entry. The entrance decision is
associated with paying a sunk cost ce, which is denominated in units of a consumption good.
A potential entrant decides to enter the economy whenever ve(q;SSS) ≥ ce. For technical
reasons9, I assume that ce ∼ U [0, c̄e], so that the probability of entry for those with signal q
is:

P(enter|q) =


1, if vie(q;SSS) ≥ c̄e

vie(q;SSS)
c̄e

, if 0 < vie(q,SSS) < c̄e

0, if vie(q;SSS) < 0.

(15)

The timing of events for a potential entrant is illustrated in Figure 4.

Figure 4: Potential Entrant in Period t
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The next subsection formulates the household’s problem.

4.4 Households

The economy is populated by a unit mass of identical households. Each household consumes,
supplies labor, and saves into firms’ shares. Investment in firms is a device households use
in order to smooth consumption over time. Note, however, that I could have augmented the
model with a set of risk-free one period ahead securities, but it is innocuous not to consider
them, as those securities must be in zero net supply in equilibrium. The wealth is held in
one-period shares in firms, ξ(k, s). The price of current shares is ρ0, and the purchase price
of new shares is ρ1. The household’s dynamic programming problem is:

W i(ξ;SSS) = max
c,n,ξ′

[
U(c, 1− n) + βEz′W (ξ′;SSS ′)

]
(16)

subject to
c+

∫
K×S

ρ1(k′, s′;SSS)dξ′ ≤ w(SSS)n+

∫
K×S

ρ0(k, s;SSS)dξ. (17)

9In my numerical implementation, the signal space consists of a finite number of points. Therefore,
without “convexifying” the entry decision with the help of the entry cost random variable, the entry margin
will move discretely.
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The right-hand side of (17) represents the resources available to the consumer: it consists
of firm shares coming from the previous period, as well as labor income. Part of these
resources is consumed, and the rest is reinvested into firm shares.

Let C(ξ;SSS) be the household’s consumption policy function, and N(ξ;SSS) be a labor
supply policy function. Also, let Ξ(k′, s′;SSS) be a number of shares purchased in firms which
start tomorrow with capital k′ and idiosyncratic productivity s′.

I show in Appendix B how to reduce the computational burden by way of scaling Bellman
equations with the marginal utility of the household. After making the necessary transfor-
mations (and denoting the adjusted value functions with capital letters), I next define the
recursive competitive equilibrium for my environment.

5 Equilibrium

The Recursive competitive equilibrium for this economy consists of the following functions:{
V i, V i

x , V
i
a , V

i
n, k

′, Ṽ i, χi, V i
e , l, k

′
e, w, ρ0, ρ1,W

i, C,N,Ξ, d

}
i∈{L,H}

,

such that:

1. W i solves the household’s problem (16), and (C,N,Ξ) are the associated policy func-
tions,

2. V i
x , Ṽ

i, V i, V i
a , V

i
n solve the incumbent’s problem (21)-(24), and (ka, kn, l, χ) are the

corresponding policy functions,

3. V i
e solves the potential entrant’s problem (25), and k′e is the resulting policy function,

4. consistency condition satisfies ∀(k, s) ∈ K × S

Ξ(k′, s′;SSS) = µ′(k′, s′),

5. labor market clears
N(µ,SSS) =

∫
K×S

l(k, s;SSS)dµ,

6. stochastic discount factor satisfies

d(SSS ′|SSS) = β
U ′C(C(µ′,SSS ′), N(µ′,SSS ′))

U ′C(C(µ,SSS), N(µ,SSS))
,
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7. goods market clears

C(µ,SSS) =

∫
K×S

{
zsF (k, l(k, s;SSS))−

[
111adj(k

′(k, s;SSS)− (1− δ)k)
]}

dµ−

−
∫
q

∫ vie(q;SSS)

0
xP(enter|q,SSS)dxdQ−

∫
K×S

111adjAC(k, s)dµ+

+

∫
K×S

c(k)kdµ−M
∫

P(enter|q,SSS)k′e(q;SSS)dQ,

where 111adj = 111{V i
a (k,s;SSS)>V i

n(k,s;SSS)}.

8. law of motion for the aggregate state vector, Γ(·), is consistent with firms’ policy functions.

In Section 6, I discuss the calibration of the baseline model.

6 Calibration

In this section, I describe my calibration strategy. First, in Subsection 6.1, I assign values to
the parameters which are relevant to the behavior of the model at the steady state. Next,
calibration of parameters relevant for aggregate fluctuations is provided in Subsection 6.2.
Subsection 6.3 explores the model’s success in capturing non-targeted moments and firm
dynamics.

6.1 Steady State Parameters

The period in the model is one quarter, which is a suitable frequency to study business cycle
fluctuations. I split all parameters into two groups: externally and internally calibrated.
The former group includes standard macroeconomic parameters; the remaining parameters
from the latter are calibrated by the simulated method of moments (SMM).

In total, my model has 14 parameters. The first 7 of them, (β, α, ν, δ, ρs, ρz, σz), are
“external”. The discount factor β implies an annual interest rate of 4%. Capital and labor
input shares are 0.25 and 0.64, respectively. Parameter δ is assigned a value of 2.5%, which
implies a 10% depreciation rate per annum. I assume that the quarterly persistence of
the idiosyncratic productivity is 0.95, consistent with Khan and Thomas (2008). I follow
the literature and assume that z is very persistent with ρz = 0.95. I borrow the value
of σz = 0.0067 from Bloom et al. (2018). Panel A of Table 4 summarizes the externally
calibrated parameters.
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Parameters from the second group are calibrated internally. Technically, I solve the
model for the stationary equilibrium by turning off the aggregate shocks, that is I set zt−1 =

zt = 1 and σz,t−1 = σz,t = σ̄z. Then I simulate a large number of firms for many periods
from the stationary distribution, and compute the moments from the simulated data. The
parameter values used in subsequent analysis minimize the distance between the model
generated moments and their empirical counterparts.

In what follows, I provide a heuristic identification argument that justifies the choice of
the moments used in the calibration. Even though every targeted moment is simultaneously
affected by all parameters, in this section I discuss each of them in relation to the parameter
for which, intuitively, that moment yields the most identification power. For the most part
I follow the literature in picking the moments to target.

Following Clementi et al. (2015), I use the mean investment rate, the standard deviation of
the investment rate and the fraction of firm-year observations with investment rate exceeding
20% (so-called “spikes”) to inform the standard deviation of the idiosyncratic productivity
process, σs, as well as parameters of the capital adjustment cost function, (γ, C). These
moments come from Cooper and Haltiwanger (2006), who obtained these statistics from the
balanced panel of establishments based on the Longitudinal Research Database (LRD). In
order to be consistent with their calculations, I simulate a large number of establishments
from the stationary distribution for many years, and keep only those establishments which
survive throughout. Then I compute the moments from my simulated data. Following the
Cooper and Haltiwanger (2006) methodology, the investment rate for the firm i at time t is
computed by taking the ratio of investment and the current capital stock:

ir(k, s) =
k′(k, s)− (1− δ)k

k
,

where k′(k, s) is the policy function regarding k′ for the firm with current capital stock k
and idiosyncratic productivity s. The aggregate state SSS is suppressed since the model is
calibrated to the steady-state. The frequency of investment spikes is:

Frequency of spikes =

∑
i,t 111{iri,t>0.2}

NT
,

where N and T denote the number of firms and number of periods, respectively. Here iri,t is
an investment rate of firm i in period t.

22



Table 4: Calibrated Parameters

Parameter Description Value Target Data Model
Panel A: Externally calibrated parameters

β Discount factor 0.989
α Capital share 0.25
ν Labor share 0.64
δ Depreciation rate 0.025
ρs Persist. of id.prod. 0.95
ρz Persist. of ag.prod. 0.95
σz Std of innovations to z 0.0067

Panel B: Internally calibrated parameters
σs Std of id. innov. 0.022 E

[
i
k

]
0.12 0.09

c̄e Up. bnd. of entry cost 0.2 P (111{i/k>0.2}) 0.19 0.11
κ Param. of surv. fun. 0.05 σ

[
i
k

]
0.34 0.36

ι Param. of surv. fun. 0.4 P [exit] 0.02 0.02
γ Param. of AC fun. 0.7 E[n]

E[n|age=0]
0.6 0.55

C Param. of AC fun. 0.002 E[s]
E[s|age=0]

0.75 0.79
M Mass of p. entrants 0.0507

∫
µss = 1 — 1

Notes: Table 4 consists of 2 parts. Panel A reports the assigned values to the externally calibrated param-
eters. Panel B reports the values for the internally calibrated parameters. Each parameter in this group
is associated with an empirical moment for which it (intuitively) has the highest identification power (see
text).

In the model, potential entrants draw a signal from the exponential distribution with
parameter λ, and decide to enter whenever Ve(q;SSS) ≥ ce. The distribution of entry costs,
parametrized by ce, as well as parameters of the survival function (9), (κ, ι), jointly determine
the relative productivity and size of entrants along with the entry rate.10 These empirical
moments are taken from Lee and Mukoyama (2015). They draw on the Annual Survey
of Manufacturers (ASM) portion of LRD constructed by the U.S. Census Bureau for the
period 1972-1997. The advantage of the ASM is that this dataset has a yearly frequency,
which makes it suitable to study business cycle fluctuations.11 Lee and Mukoyama (2015)

10I follow Dunne, Roberts and Samuelson (1988) to compute statistics in the model generated data.
Specifically, let NE(t) be a number of establishments entering between t− 1 and t, NT (t) is a total number
of establishments at time t (including NE(t)). Next, let NX(t − 1) be a number of exiting establishments
between t−1 and t. QE(t) and QT (t) denote the size of entering and all establishments at time t, respectively.
Lastly, QX(t − 1) is a size of exiting establishments. Then the entry rate is defined as ER(t) := NE(t)

NT (t−1) .

Exit rate is XR(t) := NX(t−1)
NT (t−1) . The average size of entering establishments relative to incumbents is

ERS(t) := QE(t)/NE(t)
(QT (t)−QE(t)/(NT (t)−NE(t))) . Finally, the average size of exiting firms relative to continuing ones

is defined as XRS(t− 1) := QX(t−1)/NX(t−1)
(QT (t−1)−QX(t−1))/(NT (t−1)−NX(t−1)) .

11The Census of Manufacturers (CM) dataset, which is also a part of the LRD, is conducted every 5 years,
and thus the CM-based moments are not quite suitable for business-cycle frequency models.
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report corresponding statistics for both expansion and contraction periods, but I am using
the averages over time as targets.

In the model simulated data, the aforementioned moments are calculated as follows.
First, the entry rate at time t is12:

ert =
M
∫

P(enter|q)dQ∫
K×S 111{k,s}dµss ,

where M is the mass of potential entrants, and µss is the stationary distribution of firms.
Productivity is measured simply as a realization of the random variable s. Therefore, the

relative productivity of entrants is:

rpt =
average productivity of entrantst

average productivity of incumbentst
=

∫
P(enter|q) [

∑
s Π(s|q)s] dQ

/ ∫
P(enter|q)dQ∫

K×S sdµ
ss
/∫

K×S 111{k,s}dµss
.

Finally, the relative size of entrants is:

rst =
average size of entrantst

average size of incumbentst
=

∫
P(enter|q)k′(q)dQ

/ ∫
P(enter|q)dQ∫

K×S kdµ
ss
/∫

K×S 111{k,s}dµss
.

Since the model period is one quarter, and the statistics reported in the literature come
from data with annual frequency, I aggregate the model generated data appropriately before
computing the moments. For example, when I compute model-implied investment moments,
I extract a balanced panel of firms from the simulated data, and then compute the annual
rates.

Finally, the mass of potential entrants, M , simply scales the distribution of active firms.
I adjust M so that the stationary distribution of firms µ integrates up to 1 (i.e., becomes a
probability distribution). The results of the calibration are summarized in Table 4.

6.2 Aggregate Fluctuations Parameters

The model switches between high- and low-uncertainty regimes stochastically. In the model,
low regime is associated with a low dispersion of innovations in Equation (5), and high
uncertainty regime corresponds to a high value of dispersion. That is, σz ∈ {σL, σH} with
σL < σH .

12As it will be discussed below, the stationary distribution in my model integrates up to 1, and so the
denominator in the expression for the entry rate is 1.
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The transition between low and high values of σ is governed by the first-order Markov
chain with a corresponding transition matrix Πσ. This matrix has the following structure:

Πσ =

[
1− πσL,H πσL,H

1− πσH,H πσH,H

]
.

I use the quarterly estimates of πσL,H and πσH,H provided by Bloom et al. (2018). They
estimate a GARCH(1,1) using data on quarterly TFP growth from 1972Q1 to 2010Q4, and
find that the quarterly probability of switching into a high uncertainty state is πσL,H = 2.6%.
The persistence of a high uncertainty state is estimated to be πσH,H = 94%.

6.3 Model Fit

While the targeted moments are matched closely, it is crucial to check how the model does
with respect to non-targeted moments. First, I check how well the model captures the so-
called “up-or-out” dynamics of young firms. It has been empirically documented (Decker et
al. (2014)) that young firms are loosing roughly 50% of employment to exit within the first
5 years, but the remaining firms grow so fast that they nearly compensate for that loss.

Figure 5: Evolution of An Entering Cohort, Data and Model
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(b) Relative frequency
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Notes: Figure 5 depicts the fit of the model with respect to the (A) relative size of a cohort, (B) relative
number of firms. The measures plotted in the Figure are constructed relative to age 0 firms (startups). The
data comes from BDS, the corresponding lines reflect author’s calculations.

Figure 5 confronts the model’s predictions about the evolution of the entering cohort of
firms with the data. I used the BDS data to construct the evolution of the relative (in terms
of employment) size of the cohort, and the relative number of firms. Unfortunately, U.S.
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Census reports the required data only up to the age of 6, and then aggregates ages in wide
bins. I, therefore, restrict myself to the first few years of the firm’s life-cycle.

The left panel of Figure 5 shows how the entering cohort of firms looses employment to
exit in the first couple of years, but then, after the “cleansing” effect has taken place and
only sufficiently productive firms have survived, the employment rebounds. Rather neatly,
the model is capable of picking up this rich dynamics observed in the data, and captures
remarkably well both the timing of the “trough” and its magnitude: 3 year old firms hire the
least number of employees across all ages, and this is 15% lower than what the youngest
firms employ.

Panel B depicts how the typical entering cohort shrinks with time as firms exit. The
model tracks the data pretty closely; roughly 50% of new firms exit by the age of 5.

The propagation mechanism I explore in this paper works through the investment chan-
nel: when the conditions become more volatile, firms decide to postpone their investment
decisions for later to avoid paying the associated adjustment cost. Even though I targeted
several investment-related moments in Subsection 6.1, it is crucial to see whether the distri-
bution of investment rates delivered by the model is realistic. I use the data from Cooper
and Haltiwanger (2006), who report the distribution of investment rates for a balanced panel
of manufacturing establishments. Correspondingly, I extract a balanced panel of firms from
the model simulated data.

Figure 6: Empirical and Model-Implied Distributions of Investment Rates
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Notes: Figure 6 plots the empirical and the model-implied distribution of investment rates. The data comes
from Cooper and Haltiwanger (2006). Each number along the horizontal axis corresponds to a 4% interval
around that value (i.e. 0 must be interpreted as [−2%, 2%], and so on).
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Figure 6 confirms that the model does a reasonable job in generating a realistic distribu-
tion of investment rates. As in the data, the distribution is skewed to the right, with a large
mass concentrated around 0.

Overall, I conclude that the model is a good approximation of reality since it matches
the key to the main point of this paper dimensions of the data — the life-cycle of firms and
the distribution of investment rates.

7 Model Validation

Does the model generate excess sensitivity of young firms with respect to aggregate volatility
— the empirical regularity discussed in Section 3? In this section, I use the model gener-
ated data to argue that the calibrated model captures the response of firms’ investment to
measured macro volatility remarkably well.

I proceed in two steps. First, I simulate a large panel of firms from the stochastic
equilibrium of the model, and report the moments of both investment rates and investment
spikes for a subset of firms mirroring Compustat (those which survived for at least 10 years
13). I show that the generated moments align well with the data moments reported in Table
1. I then run the same panel regressions from Section 3 on model-generated data, and
confirm that the model captures the excess sensitivity of young firms both qualitatively and
quantitatively. Furthermore, I also fit the empirical models from Section 3 on a full sample of
firms (not necessarily mirroring Compustat), and find that the excess sensitivity of younger
enterprises rises.

Table 5: Data vs. Model: Summary Statistics

Data Model
Statistic i.rate 111{i.rate>0.2} i.rate 111{i.rate>0.2}
Mean 0.02 0.03 0.01 0.02
Std 0.09 0.18 0.05 0.11
Median 0.00 0.00 0.00 0.00
Top 5% 0.15 0.00 0.10 0.00
Bottom 5% -0.07 0.00 -0.04 0.00

Notes: Table 5 reports the summary statistics for both the data and the model. The data portion corresponds
to Compustat. The data has been processed as described in Appendix A.1, and has quarterly frequency.

Table 5 suggests that the model is capable of doing a reasonable job in matching the
empirical investment moments found in Compustat data. The calibrated model slightly

13Wilmer et al. (2017) find that the median time to IPO ranges between 6 to 8 years.
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underpredicts the mean investment rate and its standard deviation, but, overall, aligns well
with the data. Note that this is not a mechanical result as it has not been directly targeted at
the calibration stage in Section 6: target moments there characterized the entire distribution
of firms’ investment rates (of all ages and sizes), while Table 5 reports the statistics essentially
for the right tail of firm-size distribution.

Next, I fit the empirical models (3) and (4) on the model-simulated data (Table 6). The
model is successful in capturing the excess sensitivity of young firms both qualitatively (the
estimates have the expected signs) and quantitatively. The discrepancies in the estimates
between the model and the data might arise for several reasons (mirroring Compustat by
conditioning on age is not perfect, omitted variable biases, etc.), but, overall, the model’s
predictions are very close to the data.

Table 6: Data vs. Model: Regressions

Investment rate P(Investment spikes)
Model Data Model Data

Volatility -0.004 -0.002 -0.004 -0.004
(0.001) (0.0003) (0.001) (0.0006)

Volatility×Age 0.00004 0.0001 0.00003 0.0001
(0.00001) (0.00004) (0.00001) (0.00001)

R2 0.01 0.01 0.01 0.01
Notes: Table 6 reports the estimation results for models (3) and (4) both for the Compustat and model-
simulated data. The dependent variables in the table are: investment rate in the left part of the table, and
an indicator of investment spikes in the right part of the table. The “data” estimates repeat those from
Tables 2 and 3.

As it has been discussed in Section 3, firm-level data with age and investment information
is very scarce; that led me to use data on a subset of large firms. In the model, however, I
can compute any object of interest, including the investment rates of very small and young
businesses. I have already established the model’s potential of picking up the empirical
patterns which characterize the right tail of the firm-size distribution. Therefore, it is natural
to investigate what the model implies regarding the response of investment rates to macro
volatility without conditioning on very large firms. Technically, I re-estimate equations (3)
and (4) on the full model-generated panel.

Table 7 reports the results. Perhaps, it is not surprising that qualitatively the response
of investment-related variables to macro volatility has increased: now we include both the
old and young firms into the estimation. Consistently with the logic of the model developed
in Section 4, young firms are growing fast (conditional on survival) and, therefore, they
represent the majority of capital-adjusting firms. When uncertainty rises, the response
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of investment is stronger when I consider a full sample, because it incorporates a more
pronounced response of younger enterprises.

Table 7: Model-Generated Data: Full Sample

Model (Full Sample)
Investment rate P(Investment spike)

Volatility -0.007 -0.005
(0.001) (0.0002)

Volatility×Age 0.0002 0.0001
(0.00001) (0.00002)

R2 0.01 0.01
Notes: Table 7 reports the estimation results for models (3) and (4) on the full model-generated panel. The
dependent variables in the table are: investment rate in Column 2, and an indicator of investment spikes
(Column 3). Data has quarterly frequency.

In this section, I established a tight connection between the data and the model which
is based on quantitatively similar predictions regarding the impact of macro volatility on
investment behavior of businesses in different age categories. Next section describes the
workings of the model in more detail.

8 Inspecting the Mechanism

Before I turn to the aggregate implications of macro-volatility, it is instructive to pause an
exposition and discuss how the model built in Section 4 is capable of generating the wait-
and-see effect during volatile aggregate conditions, which is more pronounced for younger
firms.

The decision of an individual firm about whether to postpone its investment or not is
fully governed by the value functions for cases of “adjustment” (Equation 11) and “no adjust-
ment” (Equation 12). These functional equations are affected by the time-varying general
equilibrium prices which affect the decision-making firm through the stochastic discount
factor.

In order to assess to which extent the investment sensitivity of young firms works through
the general equilibrium forces in the full model, I first consider the model at the steady-state.
In particular, I compare 2 equilibria — one pertaining to a low value of volatility (σs), and
the other to a high one — and plot the inaction regions on the same plot (panel A of Figure
7). The difference in volatilities across the two models quantitatively matches σH/σL ratio
in the full model. Inaction region is a set of points in (k, s)-space where an individual firm
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finds it optimal to wait:

Inaction regionσ = {(k̃, s̃) : vn(k̃, s̃|σ) ≥ va(k̃, s̃|σ)}.

Red solid lines depict the bounds for the case of low σs, while blue dashed ones — for the
case of high σs. The inaction region is an area between the corresponding lines (which I call
bounds).

Figure 7: Inaction Region in (k, s)−space

(a) Steady-state
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(b) Full-model
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Notes: Figure 7 consists of 2 panels: panel A plots the inactions regions in (k, s)-space for the model with
no aggregate fluctuations, while panel B plots them for the full model. Each panel contains 2 lines: the red
solid lines pertain to the case of low volatility, and blue solid lines — to the case of high volatility. See text
for details.

First, the bounds are upward-sloping, merely reflecting the fact that high productivity
necessitates high levels of capital.14 Second, the regions tend to fan out as productivity
increases. This occurs because once the firm has accumulated a large stock of capital, the
incentives to reduce it decrease: if anything, the firm can simply let it depreciate (and avoid
paying the adjustment cost by doing so), which in some time brings the stock to the desirable
level.

When volatility increases, the bounds move. I find that at high productivity levels (above
s = 1) the bounds are very close to those pertaining to the low-volatility case, while the
most pronounced divergence occurs at low productivity levels. When volatility is low, the
least productive firms always prefer to adjust their stock (red solid left- and right-bounds

14When volatility increases in the steady-state model, the values of s change along: this is a mechanical
consequence of the method I used to discretize process (6). This does not occur in the full model because
volatility is governed by the separate process (5).
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coincide). When volatility increases, the bounds no longer coincide: the inaction region
for the least productive firms increases disproportionately. It is precisely the key reason of
why the heightened macro-volatility affects young firms stronger: this group of businesses is
typically located in the south-west corner of the (k, s)-space.

I next analyze the inaction areas for the full model (panel B of Figure 7). In this case,
the value functions incorporate the time-varying equilibrium prices which are necessarily ab-
sorbed by the inaction regions. Overall, the way inaction regions move across the uncertainty
regimes resemble that of the steady-state case. I find that the bounds visually coincide at
high productivity levels, and that they diverge for low values of s. This suggests that the
excess sensitivity of young firms’ investment is not an artifact of general equilibrium forces
of the stochastic equilibrium, and that it is to a large extent driven by the real option of
waiting effect.

9 Aggregate Implications

The main objective of this section is to assess quantitatively the role that the excess sensi-
tivity of young firms plays in the aggregate. I first simulate the model unconditionally, and
compare the model-implied business cycle properties against the U.S. data in Subsection
9.1. I then study the behavior of the economy in the aftermath of the crisis. Subsection
9.2 considers a recession which is driven by an unexpected drop in a common productiv-
ity component (TFP). Subsection 9.3 analyzes a recession driven by a negative TFP shock
accompanied by an increase in macro volatility.

9.1 Business Cycle Properties

In this subsection, I compute the standard business cycle statistics for both models — with
and without firm entry and exit — and compare it against the U.S. data.
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Table 8: Business Cycle Statistics

Data Model w/o EE Model w/ EE
σ(X) σ(X)

σ(Y )
ρ(X, Y ) σ(X) σ(X)

σ(Y )
ρ(X, Y ) σ(X) σ(X)

σ(Y )
ρ(X, Y )

Y 1.6 1.0 1.0 1.5 1.0 1.0 1.5 1.0 1.0
I 7.4 4.6 0.8 8 5.3 0.6 7.8 5.0 0.8
C 1.2 0.8 0.8 1.7 1.1 0.4 1.6 1.1 0.4
L 1.9 1.2 0.9 0.7 0.5 0.8 1.0 0.7 0.9

Notes: Table 8 reports the business cycle statistics computed from the model, as well as their empirical
counterparts from the U.S. data. The U.S. data covers the period 1947Q1-2018Q1 and is imported from the
FRED website. The series used are: real gross GDP, real gross private domestic investment, real personal
consumption expenditures, and total non-farm business sector hours. First, all series have been expressed
in logarithms, and subsequently HP-filtered with a smoothing parameter 1600. Y,I,C,L denote output,
investment, consumption and labor, respectively.

Table 8 shows that, in the data, investment is 5 times more volatile than output, while
consumption is less volatile than output, and labor is slightly more volatile. All series are
highly correlated with aggregate output, with the coefficient of correlation exceeding 0.8.

Both models are to a great extent capable of picking up the investment- and consumption-
related moments observed in the data. The model with no entry/exit margin has hard times
generating enough volatility in hours (0.7 against 1.9 in the data) and is somewhat far from
capturing high the correlation between consumption and output (0.4 against 0.8 in the data).

Overall, the model with entry and exit comes closer in hitting the data moments, as
compared to the benchmark model. The relative success of the full model is visible the most
in terms of investment-related moments: both the volatility of investment and its correlation
with output get closer to the empirical counterparts. The overall volatility of labor increases
(1.0 against 0.7 in the model with no entry), which represents another improvement over the
model with no firm dynamics.

9.2 Recession: Drop in TFP Only

In this and the following subsections, I undertake the main quantitative exercise of the paper:
I explore the behavior of the economy in the aftermath of a recession.

I start off with a case of a recession initiated by a 4% drop in the aggregate productivity
component z.15

15The computational procedure for the general case of 2 shocks is as follows (“TFP shock only” case is
handled by a straightforward simplification). I obtain the impulse-response functions by simulating a large
number of independent economies for TIRF periods. All economies are evolving normally until time Tshock,
when I mechanically impose a high uncertainty state in all of them (σz,Tshock = σH); at the same time, I
also reduce the aggregate TFP z by 4%. Then, for periods Tshock + 1, . . . , TIRF everything evolves normally
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Figure 8: Impulse Response Functions: Negative TFP shock
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Notes: Figure 8 plots the impulse response functions for the case of a 4% drop in TFP only. Numbers along
the vertical axis denote the deviation (in percent) from the steady-state. Time is measured in quarters and
is marked along the horizontal axis. Blue solid lines with asterisk markers stay for the response of the model
with no entry and exit, while the red dashed lines with hollow circle markers indicate the response of the
full economy with entry/exit.

Figure 8 displays the response of key macro aggregates — output, investment, consump-
tion, and hours — to a negative TFP shock for two models: with no firm entry (blue solid
lines with asterisk markers), and a full model with firm entry/exit (red hollow markers,
dashed lines). The impulse-response functions are very close across the two models, which
reiterates the well-known finding of macro literature that entry/exit margin has a quantita-
tively small role in the aggregate when considering aggregate TFP shocks only. The reason
is that a TFP shock affects all firms uniformly : both small and large firms contract by the
same proportion. Given that young firms are typically small, their contribution to aggregates
is also small.

again. The percentage deviation of variable X from the steady-state t periods after the shock is computed
as XIRF

t = 100 log
(

X̄Tshock+t

X̄Tshock−1

)
, where X̄t denotes the cross-sectional mean of variable X at time t.
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9.3 Recession: Drop in TFP and Increase in Volatility

Motivated by Figure 1, I next consider the impulse-response functions to a 2-shock recession:
a negative TFP shock accompanied by an increase in macro-volatility. The response of an
economy with firm entry and exit to a 2-shock recession is quantitatively different from the
response of an economy with a fixed mass of firms (see Figure 9).

Figure 9: Impulse Response Functions: Negative TFP shock and Increase in
Volatility
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Notes: Figure 9 plots the impulse response functions for the case of a 4% drop in TFP accompanied by a
shift to a high-uncertainty regime. Numbers along the vertical axis denote the deviation (in percent) from
the steady-state. Time is measured in quarters and is marked along the horizontal axis. Blue solid lines
with asterisk markers stay for the response of the model with no entry and exit, while the red dashed lines
with hollow circle markers indicate the response of the full economy with entry/exit. Green lines with square
markers denote the response of the model with entry and exit, but where the mass of entrants is not affected
by uncertainty regime.

Overall, the model with entry and exit exhibits a more pronounced drop than the model
without firm entry. For example, output decreases 25% stronger on impact (5% drop in a full
model vs. 4% drop in a benchmark model). Discrepancy in response of investment across the
two models is striking: investment in the model with firm entry drops by 100% stronger (7%
against 15% drop). This observation is consistent with the excess sensitivity of young firms
to volatility shocks: even though young firms are small, they contribute disproportionately
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to aggregate investment. In the model it occurs because idiosyncratic productivity of mature
firms is at (or near) the stationary state of s, which implies that those firms are unlikely
to undertake large investment decisions. In turn, young firms are typically less productive
than incumbents, and their idiosyncratic productivity (conditional on survival) grows over
time. These firms, therefore, find it optimal to accumulate capital which their increasing
productivity dictates, and push their investment expenditures up. It is precisely due to
the young firms’ excess response why the aggregate investment drops so much following an
increase in volatility.

By comparing the speed of recovery between Figures 8 and 9, one can notice that even
though the economy contracts by more after a 2-shock recession, it seems to recover faster as
well: 20 quarters after a 2-shock recession, investment and labor are completely recovered,
and output is 2% below the steady-state level (as opposed to almost 3% in case of a TFP
shock). I argue that this happens due to the mean-reversion property of productivity process
(5): low aggregate productivity z along with high uncertainty implies better prospects about
the evolution of future aggregate productivity as compared to low productivity and low
uncertainty. Intuitively, this happens because in the case of low uncertainty, economic agents
expect the “bad” aggregate conditions to persist for longer, while under higher volatility the
probability of z to go up increases by more than its probability to go further down. I provide
a formal proof in Appendix C which supports this intuition.

This property of a mean-reverting process implies, in particular, that the continuation
value in the recursive problem of a potential entrant (Equation (14)) is higher when the
economy’s current state is characterized as low z with high volatility: a potential entrant
with signal q̃ is more likely to enter under low z and high σ, than under low z and low σ.
One, therefore, might be concerned with whether the discrepancies in IRFs found in Figure
9 are driven by the excess sensitivity of existing firms, or they simply reflect a more intense
inflow of new firms. In order to disentangle these two forces, I simulate the economy where
— at the moment of a shock — potential entrants see a change in TFP, but do not observe
heightened volatility. I, therefore, obtain an economy where existing firms respond to both
shocks, but the extensive margin of firms dynamics remains intact: the difference in IRFs
between the models can then be fully attributed to the excess sensitivity of young enterprises
to heightened macro volatility.

Green lines with square markers in Figure 9 correspond to the economy with fixed entry.
The red lines with asterisks and green lines with squares virtually coincide: this suggests
that the extensive margin of the firm entry explains a small portion of observed differences
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in response of macro aggregates.

10 Conclusion

In this paper, I explored the aggregate implications of volatility shocks through the in-
vestment channel. I first provided suggestive evidence that young businesses exhibit excess
sensitivity to fluctuations in macro volatility as compared to mature enterprises. To rational-
ize the empirical findings, I built a general equilibrium model of investment with firm entry
and exit. The mechanism works through the combination of non-convex capital adjustment
costs and gradually rising productivities of firms over the average life-cycle. By studying
the impulse response functions, I also showed that this mechanism has important implica-
tions in the aggregate: the response of output, investment, consumption, and hours is more
pronounced in the model with firm entry and exit, and it cannot be fully attributed to an ex-
tensive margin of firms’ entry. This suggests that — as opposed to previous macro literature
— firm entry and exit can be quantitatively important for business cycle fluctuations.

There are several potential directions for future research. While in this paper firms born
at different stages of the business cycle differed only in terms their initial productivity level,
more empirical work is needed to understand the composition of startups across booms and
busts. Access to finance — the dimension this paper did not speak to — might be another
important determinant of firm creation across different stages of the cycle.

Recent research by Salgado, Guvenen and Bloom (2016) reveals that skewness of several
firm-level variables (such as the growth rate of profit and sales) is strongly procyclical.
The economic interpretation of this observation is that during recessions a disproportionate
mass of firms experiences very large negative shocks. The distributional and aggregate
consequences of third-moment fluctuations might be another interesting avenue to pursue.
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A Empirical Work

This appendix describes the firm-level variables used in the empirical analysis of the paper,
based on quarterly Compustat. First, in Appendix A.1 I discuss the data preparation steps
I made to clean the data. Variables of interest are defined in Appendix A.2. Appendix A.3
describes the process of dataset construction.

A.1 Sample Selection

The empirical analysis excludes:

1. Firms in finance, insurance, and real estate sectors (2-digit SIC codes in range [60,67])
and public administration (SIC codes in range [91, 97]),

2. observations in the top and bottom 0.5% of the investment rate distribution,

3. observations with leverage exceeding 10,

4. firms with “extreme” real sales growth (a firm is dropped from the sample if in any
period the growth rate of real sales exceeds 5 or is below -5).

A.2 Variable Construction

Capital is constructed using the perpetual inventory method. For every firm, I find the first
period when the variable ppegtq (gross plant, property, and equipment) is available. From
that period onwards, I reconstruct a series of capital using the interperiod changes in ppentq

(net plant, property, and equipment):

kjt+1 = kjt + ppentqjt+1 − ppentqjt.

ppentq has a substantially better coverage than ppegtq, but I linearly interpolate in periods
when this variable is not reported.
Investment rate is measured as

irjt =
kjt+1 − kjt

1
2
(kjt+1 + kjt)

.

As it has been discuss in the main text, this measure represents the investment along the
intensive margin. I also consider the extensive margin of investment decisions, and call an
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investment decision a “spike”, if the absolute value of investment rate exceeds 20%:

111{|irjt|>0.2}.

Leverage is defined as the ratio of total debt (sum of dlcq and dlttq) to total assets (atq).
Size is approximated by the logarithm of total assets.
Sales are simply equal to salesq, deflated by CPI. I take a natural logarithm of real sales
when I compute the sales’ growth rate.
Sectors covered include (with 2-digit SIC codes in parentheses):

I agriculture, forestry, and fishing(<10),

I mining ([10, 14]),

I construction ([15, 17]),

I manufacturing ([20, 39]),

I transportation, communications, electric, gas, and sanitary services ([40, 49]),

I wholesale trade ([50, 51]),

I retail trade ([52, 59]),

I services ([70, 89]).

A.3 Details on Dataset Construction

I begin by retrieving quarterly firm-level data from WRDS website16. The raw data spans
years 1961-2018, and contains ≈ 1.1mln firm-quarter observations. As it has been mentioned
in Appendix A.1, the chosen method of construction of a capital measure necessitates the
knowledge of ppegtq. Therefore, for each firm, I find the first non-missing value of this
variable, and drop all the preceding observations. This results in dropping ≈273K firm-
quarter observations. Next, I drop finance and real estate firms, which amounts to another
55K dropped observations. Firms with anomaly growth rates of sales (outside interval [−5, 5]

on the quarterly basis) are eliminated, which reduces the sample size by 20K. I drop firms
which ever reported negative or zero capital (20K observations). Extra 61K are dropped

16https://wrds-web.wharton.upenn.edu/wrds/index.cfm
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because the measured leverage exceeds the values of 10. After this procedure, ≈ 650K
firm-quarter observations remain.

A.4 Robustness Checks

This paper studies business cycle fluctuations, and, therefore, quarterly frequency is preferred
(a period in the model in Section 4 is one quarter). However, the abundance of data in
the literature comes with yearly frequency, thus, in order to make my results comparable, I
assess the impact of aggregate volatility on investment decisions of firms at annual frequency.
Technically, I keep observations which correspond to the first quarter of each year — in total
I have approximately 145K observations. I next compute the annual investment rates, and
trim the sample by dropping cases where investment rate is below 0.5% or above 99.5%
percentile of the corresponding distribution. Tables 9 and 10 report the results.

Table 9: Aggregate Uncertainty and Probability of Investment Spikes

Variable (1) (2) (3) (4) (5)

Volatility -0.050*** -0.037*** -0.039*** -0.053*** -0.053***
(0.003) (0.003) (0.003) (0.003) (0.003)

Volatility×Age 0.003*** 0.003*** 0.003*** 0.005*** 0.005***
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

Mean Growth 0.014*** 0.005*** 0.002 0.001
(0.001) (0.002) (0.002) (0.002)

Mean Growth×Age 0.001 0.001*** 0.001***
(0.0001) (0.0001) (0.0001)

Size 0.031*** 0.031***
(0.001) (0.001)

Leverage -0.029***
(0.006)

FE X X X X X
N 144,094 144,094 144,094 144,094 144,094
R2 0.02 0.02 0.01 0.01 0.01

Notes: Table 9 reports the estimation results of the Equation (3). The firm-level data comes from Compustat;
see Appendix A for details. Volatility and Mean GDP growth rate variables have been standardized, and
their units reflect the number of standard deviations from the sample mean. Age is proxied by the number
of years since IPO, size is measured by the logarithm of total assets, and leverage is a share of total debt
in total assets. *** denotes 1%, ** denotes 5%, and * denotes 10% significance, respectively.
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Table 10: Aggregate Uncertainty and Firms’ Investment Rates

Variable (1) (2) (3) (4) (5)

Volatility -0.029*** -0.021*** -0.022*** -0.037*** -0.037***
(0.002) (0.002) (0.002) (0.002) (0.002)

Volatility×Age 0.002*** 0.002*** 0.002*** 0.004*** 0.004***
(0.0001) (0.0001) (0.0001) (0.0001) (0.0001)

Mean Growth 0.012*** 0.006*** 0.003* 0.002
(0.001) (0.001) (0.001) (0.001)

Mean Growth×Age 0.0004 0.001*** 0.001***
(0.0001) (0.0001) (0.0001)

Size 0.033*** 0.032***
(0.001) (0.001)

Leverage -0.077***
(0.004)

FE X X X X X
N 144,094 144,094 144,094 144,094 144,094
R2 0.01 0.01 0.01 0.01 0.02

Notes: Table 10 reports the estimation results of the Equation (4). The firm-level data comes from Compus-
tat; see Appendix A for details. Volatility and Mean GDP growth rate variables have been standardized,
and their units reflect the number of standard deviations from the sample mean. Age is proxied by the
number of years since IPO, size is measured by the logarithm of total assets, and leverage is a share of
total debt in total assets. *** denotes 1%, ** denotes 5%, and * denotes 10% significance, respectively.
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B Analysis of the Model

The model outlined in Section 4 incorporates optimization problems for three distinct types of
agents: representative household, incumbent firms and potential entrants. This implies that,
first, I need to solve 3 programming problems, and then make sure that the agents’ decisions
are consistent with each other, and markets clear. Obviously, this is a hard computational
task. Fortunately, it is possible to combine the optimality conditions for the households and
the firms’ Bellman equations, and thus reduce the computational complexity of the problem
at hand.

Maximizing (16) subject to (17) yields a expression for the wage as being equal to the
ratio of marginal utilities with respect to labor and consumption:

w(SSS) =
U ′N(C(SSS), N(SSS))

U ′C(C(SSS), N(SSS))
. (18)

The household’s problem also implies that the firms’ stochastic discount factor agrees
with the household’s marginal rate of substitution for consumption across aggregate states
tomorrow and today:

d(SSS ′|SSS) = β
U ′C(C(SSS ′), N(SSS ′))

U ′C(C(SSS), N(SSS))
, (19)

where C and N are the market clearing consumption and labor, respectively.
The trick is to think of p(SSS) := U ′C(C(SSS), N(SSS)) as a price with which firms value current

output, and substitute expression (19) into the Bellman equations for firms (10)-(14). By
doing so, I effectively scale all the Bellman equations with the household’s marginal utility,
p(SSS), and the original problem is now equivalent to solving the set of redefined functional
equations. For brevity, I will show how one of the Bellman equations will look like, and
delegate the remaining equations and details to Appendix B.

Consider the Bellman equation for the firm which decided to adjust its capital stock,
Equation (11). Invoking (19), and using the upper case to denote the adjusted value functions
(e.g., Va(·) := va(·)p), one can rewrite (11) as:

V i
a (k, s;SSS) = max

k′∈R+

{
−(k′ − (1− δ)k)pi(SSS)− AC(k, s;SSS)pi(SSS) +

+ c(k)βE
[
V̄ (k′, s′;SSS ′)|s, k;SSS

]}
. (20)

The reformulated programming problem is obviously simpler, since now (i) I can express
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all firm functional equations in terms of V , and so there is no need to solve explicitly for all
of them, and (ii) the household’s functional equation is taken care of as we incorporated the
resulting optimality conditions into (18) and (19).

The remaining (transformed) Bellman equations are described below. The value for an
active firm at the start of the period is given by

V i(k, s;SSS) = pi(SSS)π(k, s;SSS) + Ṽ i(k, s;SSS). (21)

The continuation value of staying in the industry is

Ṽ i(k, s;SSS) = max{V i
a (k, s;SSS), V i

n(k, s;SSS)}. (22)

The value of an “adjusting” firm satisfies

V i
a (k, s;SSS) = max

k′∈R+

{
−pi(SSS)(k′ − (1− δ)k) + βc(k)E

[
V (k′, s′;SSS ′)|s, k;SSS

]}
. (23)

Similarly, the value of a non-adjusting firm becomes:

V i
n(k, s;SSS) = βc(k)E

[
V (k′, s′;SSS ′)|s, k;SSS

]
. (24)

Finally, the value the potential entrant gets if it decides to enter is provided by the following
expression

V i
e (q;SSS) = max

k′∈R+

{
−pi(SSS)k′ + βE

[
V (k′, s′;SSS ′)|q;SSS

]}
. (25)

In Appendix D, I lay out the algorithm which I used to solve for the equilibrium.
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C Proof

Consider the following process:
dt+1 = ρdt + σνt+1,

where νt+1 ∼ N (0, 1) and |ρ| < 1. Standard deviation σ is strictly positive. Suppose that
dt < 0 at time t. Consider ε > 0 small enough that both dt − ε and dt + ε are less than 0
(the steady-state value of d). Next, I show that the probability of event (dt+1 > z+ ε) grows
by more than probability of (dt+1 < z − ε) when σ increases.

Let the probability of these events be PH and PL, respectively. These probabilities can
be expressed as follows:

PL = P(ρdt + σνt+1 < dt − ε) = Φ

(
dt − ε− ρdt

σ

)
and

PH = P(ρdt + σνt+1 > dt + ε) = 1− Φ

(
dt + ε− ρdt

σ

)
.

The derivatives of PL and PH with respect to σ:

PL′

σ = φ

(
dt − ε− ρdt

σ

)
ρdt − dt + ε

σ2

PH′

σ = φ

(
dt + ε− ρdt

σ

) −ρdt + dt + ε

σ2

First, it is straightforward to notice that both derivatives are strictly positive, which is
intuitive: when variance rises, tail events become more likely. Second, the term-by-term
comparison of the derivatives implies that PH′ > PL′ :

dt − ε− ρdt < dt + ε− ρdt < 0 =⇒ φ

(
dt − ε− ρdt

σ

)
< φ

(
dt + ε− ρdt

σ

)
and

2ρdt < 2dt =⇒ ρdt − dt + ε < dt + ε− ρdt =⇒ ρdt − dt + ε

σ2
<
−ρdt + dt + ε

σ2
.

This implies that when the variance increases, the probability for the process to go up
increases by more than to go down. Q.E.D.
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D Computational Details

I use collocation methods to solve the firm’s functional equations (21)-(25). I rely on ap-
proximate aggregation techniques (Krusell and Smith, 1998) when I solve for the equilibrium
with aggregate fluctuations, and approximate the distribution of firms by its first moment,
the aggregate capital, K. Therefore, the state vector in equations (21)-(25) is (k, s; z,K).

I set up a grid of collocation nodes R = K × S × Z × AK, with Ni nodes in each
dimension (i ∈ {K,S, Z,AK}). In practice, I set 10 points in K-dimension, 7 points for
both types of productivities, and 5 points along the aggregate capital dimension. The grid
for the aggregate capital is centered around its value at the steady-state, Ks.s., and spans
the interval [0.75Ks.s., 1.25Ks.s.]. I fit a cubic spline for individual capital, and linear splines
for the remaining 3 dimensions. When I solve for a distribution or aggregate quantities, I
obtain firms’ policy functions on a dense grid of 100 points along the k-dimension.

Instead of solving for the value functions directly, it is possible to solve only for 2 functions
(expected continuation values under low- and high-uncertainty regimes), and subsequently
recover the value functions of interest. Let i ∈ {L,H}, and θi be a probability that the
economy will be subject to the same uncertainty regime in the next period. The expected
value under regime i can be written as:

V i
E(k, s; z,K) =

= (IIINAK
⊗ Πz′|z ⊗ Πs′|s ⊗ IIINK

)
[
θi max{V i

a (k, s; z,K), V i
n(k, s; z,K)} +

+(1− θi) max{V −ia (k, s; z,K), V −in (k, s; z,K)}
]
, (26)

where V i
a , V

i
n are given by:

V i
a (k, s; z,K) = pi (π(k, s; z,K)− k′(k, s; z,K) + (1− δ)k) + βc(k)V i

E(k′, s; z,K ′), (27)

V i
n(k, s; z,K) = piπ(k, s; z,K) + βc(k)V i

E(k(1− δ), s; z,K ′). (28)

The superscript −i in (26) stays for the case of a complementary uncertainty regime. I
approximate the expected continuation functions (26) with splines with N = NK × NS ×
NZ × NAK unknown coefficients. I compute the basis matrices using Miranda and Fackler
(2002) Compecon toolbox. Subsequently, I solve for a vector of unknown coefficients using
the Newton’s method. An (much slower) alternative is to iterate on the value function.

The prices, {pi}, and the future aggregate capital are unknown, and I, therefore, use 4
log-linear forecast rules for them which I feed into the firms’ programming problems (there
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are 2 forecast equations for each uncertainty state, one for the contemporaneous equilibrium
marginal utility, and one for the future mean capital). I iterate on the coefficients of fore-
cast rules in the outer loop. In the inner loop, I solve individual problems by iterating on
coefficients for approximands. Given the current guess of coefficients, I solve for the optimal
policy k′(k, s; z,K) using the vectorized golden search. Once the coefficients have converged,
I simulate the economy forward from a steady-state distribution for a large number of periods
using the following law of motion:

L′ = QQQ′(c(k)111{no exit}L) +QeQeQe
′(MP(enter|q)Le),

where Le is a distribution of potential entrants over the signal space. Matrices QQQ and QeQeQe are
two transition matrices, which determine how mass of firms shifts in the (k, s)-space. Each
of those matrices is a tensor product of two transition matrices QQQk and QQQs, which govern the
shift of mass along k- and s-dimensions. While QQQs is completely determined by the Markov
process, which approximates (6), matrix QQQk is constructed so that the model generates an
unbiased distribution in term of aggregates. More precisely, element (i, j) of the transition
matrix QQQk informs which fraction of firms with the current capital stock ki will have capital
kj tomorrow. Therefore, this entry is computed as:

QQQk(i, j) =

[
111k′∈[Kj−1,kj ]

k′ − kj
kj − kj−1

+ 111k′∈[kj ,kj+1]
kj+1 − k′
kj+1 − kj

]
.

While I use the forecasts rule to solve for the firms’ policy functions, I do not use the price
rule during the simulation step. Instead, each period I close the market by iterating over the
household’s marginal utility, p. In practice, I break an interval [pmin, pmax] centered around
the steady-state value of marginal utility into P − 1 subintervals, where P is the number of
available CPUs17. Then, at each node I compute the implied consumption using (7), and
the excess quantity 1/pquess − C(pquess). Subsequently, I find the two adjacent nodes pi−1

and pi, where the excess function changes its sign, and use that interval in the next step.
After simulation, I update the forecast rules by running an OLS regression on the sim-

ulated data, and start over again. The model is solved when the coefficients converge (the
guessed coefficients are close to the implied ones).

17This method requires at least 3 CPUs.
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